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The use of regularized variables to enhance the numerical integration process associated
with the optimal trajectory of a continuously thrusting space vehicle is evaluated. Both
rectangular Cartesian and polar cylindrical coordinates are considered for an optimal low-
thrust Earth-escape spiral trajectory and an optimal low-thrust Earth-Jupiter transfer tra-
jectory. The results obtained indicate that (for space vehicles which experience wide varia-
tions in the gravitational force magnitude) significant reductions (up to 679) in computing
time can be obtained by using the regularized trajectory optimization equations. For the
problems considered here, the polar coordinates give shorter times, and are less sensitive to
errors in the initial Lagrange mualtipliers, than the rectangular coordinates. If the numeri-
cally evaluated Hamiltonian (which is theoretically constant) is used as an indication of in-
tegration error generation, the tradeoff between integration time and integration error be-

comes apparent.

Introduction

TURING the past decade, considerable effort has been
directed toward determining numerical methods for
optimization of nonlinear dynamic systems. The character-
istics of several of the more popular direct and indirect
numerical optimization methods are compared in Ref. 1,
and the procedures for accelerating convergence of the in-
direct optimization methods are discussed in Ref. 2. The
primary consideration in evaluating an optimization method
is the computing time required for convergence to a sufli-
ciently accurate solution. These characteristics may be
influenced by the functional form of the equations of motion,
as well as by the choice of the coordinate system. The
numerical integration characteristics can be enhanced con-
siderably when a regularized set of differential equations is
used for trajectorics that experience close primary body
approaches,® or for a wide range of problems in celestial
mechanics. Based on these conclusions, a study was made
to determine the feasibility of using regularizing transforma-
tions to improve the computational characteristics of numeri-
cal optimization procedures. Some numerical results®
indicate significant numerical advantages in terms of com-
putational time and accuracy of terminal condition satisfac-
tion.
The effect of the regularizing transformation on time and
accuracy of the numerical solution is dependent on the choice
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of the coordinate system for the unregularized variables,
as noted for the two-body problem in Ref. 6, and for the
trajectory optimization problem in Refs. 7 and 8. These
investigations revealed that the polar coordinates are com-
putationally superior to the rectangular coordinates for the
continuously powered escape spiral.

In this paper the effects of using rectangular Cartesian
and polar cylindrical coordinate systems are considered for
a minimum time low-thrust Earth-escape spiral trajectory
and a minimum time Marth-Jupiter transfer trajectory,
for various bounds on the single-step integration error.

Formulation
If the transfer trajectory for a countinuously powered low-
thrust space vehicle is to be time optimal, the following equa-
tions must be satisfied in the interval iy <t <t
F= —u (7/r3) — TX/m\ 1 = —f3 (1)
and

X = = (/rY) + 3 [0/ 1, A = —Th/m2 ()

Here the mass is m = mo — (8t where § is a constant mass-
flow rate and X and @ are Lagrange multiplier vectors. The
boundary conditions that must be satisfied are
f(fo) = 70, 5(10) = 7.)_0, m(to) = My (3)
Ft,) = 7, 8(t;) = 5, N (&) =0 4)

and

=0 (5
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where 7 is the radius vector, u is the universal gravitational
constant, T is the spacecraft thrust, and v is the spacecraft
velocity. By using a generalization of the classical Sundman
regularizing transformation?

dr = iz (6)

a set of regularized equations for the optimal trajectory can
be obtained as follows:

7= 3FFF /= — TrN/m\, m’ = —BrvE (7)
and

N4 3(7—'.77'))—\’ N (Xf)ia T7.3/2)\

A = 2777 - [.LA + 3# >_';‘2> - >\m, = = me2 (8)

The primes indicate derivatives with respect to the pseudo-
time variable 7 rather than the real time t. This transforma-
tion is discussed in Ref. 5 where the Egs. (7) and (8) are
shown to be mathematically regular. This vector form of
the regularized equations is invariant with the choice of
coordinate system. Hence, Eqs. (1) and (2) deseribe the
optimal process in the unregularized rectangular and polar
coordinates, while Eqs. (7) and (8) describe the regularized
equations associated with each of the coordinate systems.
The usual nonlinear two-point boundary value problem can
be represented by either set of equations.

Discussions of Results

To solve the optimal trajectory problem, efforts usually
are made to obtain a numerical solution to Xqs. (1) and (2),
which satisfies the boundary conditions given by Eqgs. (3-5).
Since only one-hall of the necessary initial conditions are
specified in Eq. (3), values for the remaining unknown initial
conditions (usually Lagrange multipliers and the unknown
time) must be assumed before a numerical solution can be
determined. Inasmuch as the values of the unknown initial
boundary conditions are arbitrarily selected, the terminal
constraints given by Eqgs. (4) and (5) will not be satisfied.
These arbitrarily selected initial conditions are changed
systematically on subsequent iterations! until the norm of
the terminal constraint error is less than 1077, Sufficient
numerical accuracy is obtained by using full double precision
arithmetic on the UNIVAC 1108 at the NASA Manned
Spacecraft Center, and by performing the integrations with
a variable stepsize integration scheme, thereby maintaining
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Fig.1 Optimal low-thrust Earth-escape spiral trajectory
for T/m = 0.1.
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the single-step error within certain desired tolerance limits.
A fourth-order Runge-Kutta starter and a fourth-order
Adams-Bashforth predictor corrector are used.?

The chosen low-thrust trajectories are appropriate for
regularization investigations, since the gravitational force
magnitude varies by approximately 10%; thus, it is expected
that a wide range of numerical integration stepsizes will
be required to maintain certain specified error bounds. The
optimal Earth-escape spiral trajectory is shown in Fig. 1.
Initially, the spacecraft is in a circular near-Earth orbit with
a radius equal to 1.05 times the radius of the Earth. For
a constant low-thrust space vehicle subjected to an initial
T/m of 0.1, the spacecraft acquires escape energy in approxi-
mately 70 normalized time units (approximately 15.7 hr)
and reaches an orbit of radius equal to 8.5 times the radius
of the Earth. Although this T/m is rclatively large, it
represents a compromise between a computationally ex-
pensive realistic trajectory and an inexpensive unrealistic
trajectory. The optimal control programs for both the
rectangular and polar coordinate systems are shown in Fig. 1.
The relationship between the real and regularized time for
the optimal trajectory is shown in Fig. 2.

Integration characteristics for single-step integration
error-bound separations are 108, 104 and 102, for parts a, b,
and ¢ of Table 1, respectively. Here Z represents the
computation time needed to integrate the state equations,
the Euler-Lagrange equations, and the perturbation equations
from the initial time to the final time, plus the time required
to monitor the single-step integration error and to determine
the appropriate integration stepsize. The appropriate
stepsize is determined by comparing the single-step error
with the desired accuracy limits. If either the maximum or
minimum error limit is encountered, the stepsize is either
halved or doubled. If, by doubling the stepsize, the maxi-
mum bound is violated, then the stepsize remains unchanged.
Also, the number of integration steps n taken in the interval
and the number of stepsize changes, m necessary to maintain
the desired accuracy are recorded. No distinetion is made
in the tables between changes associated with doubling and
halving the stepsize. The average computer time ¢., for each
integration step is recorded to indicate the degree of com-
plexity of the equations for each case. The norm of the con-
straint error e; should be considered with some reservation,
since the routine simply requires that the norm be less
than 1077, The extent to which this criterion is exceeded
is not controlled and is an indication of the convergence rate;
however, it also depends on how close the terminal norm for
the previous iteration was to the required value of 1077,
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Fig. 2 Real time compared to regularized time for the
optimal low-thrust Earth-escape spiral trajectory.
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The results presented in part “a’” of Table 1 are for the rela~
tively large error-bound separation of 10% The regularized
variables (in either coordinate system) require less computa-
tion time for each iteration than the unregularized variables.
In some cases, the time is reduced by a factor of 3. The
reason for the large saving in time is apparent when both
t. and n are examined. Although evaluation times are

Table 1 Numerical integration characteristics for the
optimal low-thrust Earth-escape spiral®

Maximum
Allowable i
error Unregularized Regularized
(absolute) Rectangular Polar Rectangular Polar
a) For error-bound separation of 108
104 19.5 20.6 8.3 7.7
2 sec 10— 30.0 21.0 15.2 8.1
10~ 71.1 42.5 29.4 15.6
tm, msec 0.0275 0.0300 0.0304 0.0307
10-¢ 702 685 272 251
n 105 1381 702 497 261
1086 2594 1403 971 508
10—+ 0 1 1 1
m 10— 2 0 2 2
10~ 3 1 2 2
104 1.375-° 4.365712 6.228 10 9.087 1t
éf 10-s 1.52410 3.681712 9.4388 8.325 1
1076 2.010-10 5.33678 1.330-7 2.150-10
b) For error-bound separation of 104
104 16.4 13.9 8.4 7.7
1073 27.8 18.2 15.2 8.1
= sec 10-¢ 51.2 31.8 30.1 15.7
1077 64.0 37.7 34.0 21.7
108 108.6 72.4 60.1 32.1
tm, msec 0.0276 0.0299 0.0307 0.0310
10-¢ 585 460 272 251
105 993 606 497 261
n 108 1862 1080 971 508
107 2327 1254 1088 709
10-8 3957 2417 1991 1049
104 2 2 1 1
1073 3 1 2 2
m 108 4 3 2 2
107 4 2 3 3
108 5 3 4 4
1074 5.603 -9 1.26579 6.228 10 9.087 11
105 1.849 -1 5.304°12 9.43878 8.32511
ef 10-¢ 1.766 10 5.328"8 1.330°7 2.510-11
10-7 1.413-10 5.336-10 1.24477 240610
10-8 1.378-10 6.0353 1.258-7 2.042- 10
¢) For error-bound separation of 102
104 9.4 7.5 8.3 6.1
103 17.5 10.6 15.4 8.1
106 26.6 15.5 30.1 15.7
= sec 107 36.4 26.3 33.8 21.7
1078 66.8 40.6 61.6 32.6
107? 105.5 60.7 119.1 61.2
1010 147.1 102.5 132.7 77.8
tm, msec 0.0279 0.0301 0.0307 0.0307
104 332 241 272 193
1075 611 345 497 261
106 954 514 971 508
n 107 1314 869 1088 709
108 2423 1363 1991 1049
1079 3757 2039 3884 2038
1071 5235 3467 4355 2582
104 3 3 1 3
103 4 2 2
1076 6 4 2 2
m 10-7 5 3 3 3
1078 6 5 4 4
10-¢ 8 6 4 5
1071 7 5 5 5
104 2.197 7 9.750712 6.228 10 1.527-12
1078 1.51579 1.6767 9.43878 8.325-11
106 1.82679 2.2317% 1.329°8 2.150~10
ef 1077 2.58010 51228 1.24477 2.406 "1
108 1.133 10 5.962°3 1.25877 2.042-10
100 1.624"1 6.0618 1.26077 2.054-10
10710 1.560-9 6.0818 1.259 -7 2.005-10
¢ % = Computation time for in‘{egration of state and perturbation

equations, sec; tm = mean computation time per integration step, msec; n =

number of integration steps; m

terminal error norm.

number of stepsize changes:

and ef =
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larger for the regularized equations, the n’s are much smaller.
The polar coordinates generally require less computer time
than the rectangular coordinates.

The results shown in part b of Table 1 for an error-bound
separation of 10 agree with the results presented in part a
and substantiate the previous conelusions, but the computa-
tion time advantage of the regularized systems has been
reduced slightly; and the differences in n are smaller. In
addition, m is smaller for the regularized variables than for the
unregularized variables; in keeping with the theory that pre-
diets that regularized variables will undergo fewer stepsize
changes provided that a certain integration accuracy is main-
tained. (For the previous error-bound separation of 10°% a
comparison of m’s is invalid, since, in some instances, the
lower error bound was never encountered.)

The results in part ¢ of Table 1 for the error-bound separa-
tion of 10% generally agree with the results in parts a and b,
but for this magnitude of error-bound separation, the integra-
tion times for the regularized and unregularized variables
are essentially the same. The departures from the noted
trend are explained in Fig. 3, wherein the top line in each
set of four lines represents the maximum allowable error
bound. Each succeeding line represents the minimum allow-
able error for a particular error-bound separation. Thus,
the first set of four lines represents the integration error
bounds of 107%-107%, 10-%107% and 107*10-9 The
boundary encounters are plotted vs normalized trajectory
time. The encounter of the numerical error magnitude with
either of the boundaries is recorded by the appropriate symbol
(keyed in Fig. 3). The stepsize will be doubled if the lower
boundary is encountered; the stepsize will be halved if the
upper boundary is encountered.

By maintaining the small integration error-bound separa-
tion of 102, the error in the unregularized rectangular variables
is such that the stepsize is doubled three times during the
escape trajectory for the 107*-107° accuracy limits (Fig. 3.)
By increasing the error separation to 10* (to give error bounds
of 1074-107%), the unregularized rectangular error crosses
the minimum acceptable error bound only twice. The first
encounter with the 107® boundary comes after the 107°
boundary, in the previous case, had already been crossed
twice. By doubling the stepsize early in the trajectory flight
time, requiring the rectangular error to be within the 107~
1079 accuracy levels rather than within the 1074108 ac-
curacy levels, 253 Integration steps were eliminated, saving
7 sec of computer time for each iteration. Likewise, by
requiring the itegration error to be within the 104-10-°
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Fig. 3 Integration error-boundary encounters for various
error-bound separations for the optimal low-thruest Earth-
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accuracy levels rather than with the 107410~ accuracy
levels, a 10-sec saving in computer time for each iteration
was realized. This same trend appeared in both the rec-
tangular and polar coordinates for the other error bounds
shown. By maintaining the integration error within the
smaller error bounds, the total integration time was reduced
and made comparable to that for the regularized system.

Integration errors in the regularized coordinate systems
propagate differently than do errors in the unregularized
coordinate systems (Fig. 3). Since a feature of regulariza-
tion is the automatic scaling of integration stepsize in real
time, an increasing radius vector magnitude will increase
automatically the stepsize, whereas a decreasing radius
vector magnitude will decrease it. For the Earth-escape
spiral trajectory, the radius vector is continually increasing;
therefore, the stepsize may be reduced to maintain the desired
accuracy. With only one exception, the integration stepsize
for the regularized variables is always halved (Fig. 3). The
exception occurs for the 107*-10~% accuracy levels, using
the polar coordinates. In this case, the error is such that
107% boundary is just crossed, thereby doubling the stepsize.
With further integration, the error is increased, and the step-
size is halved again. In all other instances, the lower
boundaries are never encountered. Since the lower bound-
aries are not encountered, increasing the error-bound separa-
tion limit does not affect the regularized systems and only
penalizes the unregularized system by increasing the integra~
tion times.

In the minimum time Earth-Jupiter transfer, Fig. 4, the
magnitude of the position vector decreases and then increases.
The initial position and velocity of the spacecraft for this
case correspond to the position and velocity of the Earth on
December 1, 1983. For a spacecraft with a coustant thrust
of 0.24497 X 10~ normalized units, the transfer takes ap-
proximately 905 days. The representative numerical results
in Table 2 show the computational characteristics of the
various formulations for a constant error-bound separation
of 104 The regularized variables exhibit shorter computa~
tional times than the unregularized variables in all the cases
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Fig. 4 Optimal Earth-Jupiter trajectory for the launch
date of December 1, 1983.
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considered; the polar coordinates, shorter times than the
rectangular coordinates. These trends were maintained
for the other error-bound separations considered.

The integration error-boundary encounters for various
boundary separations are presented in Fig. 5, and the reason
for the computational advantage with regularized coordinate
systems can be seen. The region of particular interest is
the time period between 300 and 400 days, during which
the close approach to the sun is made (Fig. 4). During this
interval, the unregularized systems required a reduction
in the integration stepsize to maintain the desired numerical
accuracy; the regularized systems do not. During this
same period, the regularized variables did not undergo any
stepsize changes, thus indicating that the automatic stepsize
scaling feature introduced through regularization maintains
the desired accuracy during the close approach when numeri-
cal difficulties are wusually encountered. Furthermore,
throughout the entire integration interval, fewer stepsize
changes were required for the regularized variables.

An alternative approach to regularization is suggested
by the lack of encounters at the lower boundaries for the
regularized variables. Since only the upper boundary is
encountered, a value of n < § (in the transformation dr =
r~dt) could be selected. This would keep the stepsize
from increasing so rapidly with increasing values of the radius
and thus would eliminate the decrease in stepsize resulting
from an encounter with the upper boundary. Such a value
of n would not eliminate the mathematical singularities;
however, in most normal cases, the singularities are never
encountered anyway. An interesting possibility for numeri-
cal integration stepsize control is presented by this concept.

The information presented thus far has been associated
with the characteristics of the last trajectory generated by an
iteration process, that is, the converged trajectory. It is of
interest to know how the four different cases studied are
affected by making certain errors in the initial assumptions
for boundary conditions (the Lagrange multipliers and termi-
nal time). Information of the number of iterations required
and the computer time expended in converging from certain
specified initial error percentages in the Lagrange multipliers
is presented in Table 3 for the Earth-escape sprial. For
economy, all multipliers were considered to be in error by the
same percentage for each case studied. The polar coordi-
nates are less sensitive to errors in the initial Lagrange
multipliers than are the rectangular coordinates. The regu-
larized variables are less sensitive to erroneous initial con-
ditions than are the unregularized variables.
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Table 2 Earth-Jupiter transfer

Maximum
llowable
a :nor Unregularized Regularized
(absolute) Rectangular Polar Rectangular Polar
104 61.7 56.6 51.8 52.1
105 103.6 96.4 54.2 62.5
Z sec 1076 159.7 144.3 106.1 95.6
107 251.2 217.2 206.6 150.2
108 410.9 369.6 219.7 210.8
tm, msec 0.064 0.062 0.072 0.069
104 973 908 722 727
10-% 1615 1530 755 874
n 108 2512 2282 1474 1341
10-7 3882 3450 2895 2125
1078 6415 6104 3024 3501
104 3 3 2 2
10 5 5 2 5
m 108 6 6 3 3
107 5 5 4 4
108 7 7 4 5
104 1.668-9 1.109¢ 3.340-11 4.32578
108 1.76879 3.386"8 3.4397° 4.994-¢
er 106 2.21011 3.7437° 2.966 11 8.304"10
107 4.293 11 5.316° 2.711712 8.152-10
108 1.454-11 3.5899 2.192-11 3.725-11

Although the number of iterations required to achieve
convergence is essentially the same for all cases, the computer
time requirements are smaller for the regularized variables.
The reason may be seen from Fig. 6. For initial multiplier
errors of 8%, the convergence rate of the regularized variables
is greater. The trend presented in Fig. 6 is considered to
be representative of all cases given in Table 3. Had Table
3 been expanded to include errors greater than 209, thé
computer time savings of the regularized variables would
have been more significant. Note that for results presented
in Fig. 6 and in Table 3, the value of the terminal time was
not changed. Generally, this is not realistic. If the radius
vector increases with time and regularized variables are
being used, care must be taken in the initial assumption for
the terminal time. The sensitivity of the terminal pseudo-
time 7 to errors in the terminal time ¢ is seen in Fig. 2. One
solution involves continuously monitoring the terminal norm
and selecting the terminal time which corresponds to the
minimum norm for the first assumption.

Although, for some cases, the regularized and unregularized
systems may exhibit nearly equal integration times, the
integration accuracies may differ. Since a closed-form solu-
tion to the problem considered here does not exist, the error
generated by the numerical integration process is unknown.
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Table 3 Initial error influence on the convergence charac-

teristics of the Earth-escape spiral for unregularized and

regularized rectangular and polar coordinates for integra-
tion error bounds of 10~° to 10—*

Initial Unregularized Regularized
error  Rectangular Polar Rectangular Polar
inx 9% Ne te N ¢ N ¢ N ¢
20 6 2.9 5 1.5 6 1.7 5 0.8
16 5 2.3 5 1.5 6 1.7 5 0.8
12 5 2.4 4 1.1 5 1.4 4 0.6
8 5 2.4 4 1.1 5 1.4 4 0.6
4 4 1.8 4 1.1 5 1.4 4 0.6
0 0 0.06 0 0.04 0 0.04 0 0.03
—4 5 2.3 4 1.2 5 1.7 4 0.6
—8 6 2.9 4 1.2 6 1.7 4 0.6
—12 9 4.7 4 1.2 13 4.2 4 0.6
—16 7 3.5 4 1. 6 1.7 4 0.6
—20 7 3.5 4 1.1 6 1.7 5 0.7

¢“N = Iterations required for convergence; { = computation time, min.

However, a constant of motion (1 + I7) exists, which may
be considered in evaluating the accuracy of the numerical
integration procedure. This constant of motion, evaluated
at the final time, is given by Eq. (5). For the example
discussed, 1 -+ H must be zero throughout the trajectory.
Thus, the deviation of 1 + H from zero is one indication of
the error in the numerical integration process. However,
satisfaction of 1 + H = 0 is necessary but is not sufficient to
ensure numerical integration accuracy. Since some of the
terms in the expression for 1 4+ H contain combinations of
the integrated variables, large errors generated in two sep-
arate terms could cancel, leaving the impression that high
numerical accuracy had been achieved.
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Fig. 7 Error in 1+ H for the regularized rectangular and

polar coordinates for an error bound of 107° to 107°

(rectangular coordinates required 497 steps, polar co-
ordinates required 261 steps).
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The relative values of 1 + I for converged iterations (using
the regularized and unregularized systems) may be seen by
comparing Figs. 7a and 7b. The error in 1 + H is less for
the unregularized polar system than for the rectangular
system (Fig. 7a), and it is less for the regularized polar
system than for the regularized rectangular system (Fig. 7b).
However, at the terminal time, the polar coordinate error
is less than the rectangular coordinate error. Note also
that the error in 1 + H for the regularized polar system is
relatively constant during most of the integration interval;
hence, the automatic stepsize adjustment associated with
the regularized variables tends to control the numerical
error. For the unregularized variables, the error passes
from a relatively large value to a relatively small value during
the course of the trajectory (Fig. 7a).

Concluding Remarks

Based on the results obtained in this investigation, the
following general conclusions can be drawn. Care in the
selection of the coordinate system used to describe an optimal
trajectory can lead to increased accuracy and reduced com-
putation time. In addition, for continuously thrusting space
vehicles subjected to a gravitational force which undergoes
wide variations in the force magnitude, significant reductions
in computing time can be achieved by using a regularized
form for the equations. In this study, reductions in comput~
ing time (by a factor of 3) are obtained in some cases by using
regularized variables. In addition, if the Hamiltonian is
used as an indication of numerical accuracy, the tradeoff
between integration time and integration accuracy is ap-
parent. It is shown that regularization of the variables
results in an automatic stepsize change that produces rel-
atively constant numerical error over the trajectory interval.
These results indicate the importance of obtaining more

J. SPACECRAFT

definitive methods for selecting regularizing transformations.
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